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Introduction 

In this paper we give combinatorial formulae for vector -valued weight functions for tensor 
products of irreducible evaluation modules over the Yangian y(g[^) and the quantum affine 
algebra . Those functions are also known as (off-shell) nested Bethe vectors. They 

play an important role in the theory of quantum integrable models and representation theory 
of Lie algebras and quantum groups. 

The nested algebraic Bethe ansatz was developed as a tool to find eigenvectors and 
eigenvalues of transfer matrices of lattice integrable models associated with higher rank Lie 
algebras, see [KR] . Similar to the regular Bethe ansatz, which is used in the rank one case, 
eigenvectors are obtained as values of a certain rational function (nested Bethe vector) on 
solutions of some system of algebraic equations (Bethe ansatz equations). Later, the nested 
Bethe vectors (also called vector-valued weight functions) were used to construct Jackson 
integral representations for solutions of the quantized (difference) Knizhnik-Zamolodchikov 
{qKZ) equations [TVl]. Recently, the results of [KR] has been extended to higher transfer 
matrices in [MTV] . 

In the rank one case combinatorial formulae for vector-valued weight function are im- 
portant in various areas from computation of correlation functions in integrable models, 
see [KBI] , to evaluation of some multidimensional generalizations of the Vandermonde de- 
terminant [TV2]. In the gl^ case considered in this paper, combinatorial formulae, in par- 
ticular, clarify analytic properties of the vector-valued weight function, which is important 
for constructing hypergeometric solutions of the qKZ equations associated with gt^v- 

Combinatorial formulae for the vector-valued weight functions associated with the dif- 
ferential Knizhnik-Zamolodchikov equations were developed in [M] , [SVl] , [SV2] , [RSV] , 
[FRV] . 
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The results of this paper were obtained while the authors were visiting the Max-Planck- 
Institut fiir Mathematik in Bonn in 1998. The authors thank the MPIM for hospitality. 

The results of the paper were used in [MTT] , [TVS] , [KPT] . 

The paper is organized as follows. First we consider in detail the Yangian case. In the 
traditional terminology this case is called rational. Then we formulate the results for the 
quantum aflfine algebra case, also called trigonometric. The proofs in that case are very 
similar to the Yangian case. 

1. Basic notation 

We will be using the standard superscript notation for embeddings of tensor factors into 
tensor products. If Ai, . . . , Ak are unital associative algebras, and a E Ai , then 

a« = 1®(*-^) a 1®^^-'^ e A ... A • 
If a e A and b E Aj , then (o ® h)^'^^ = a^^ b^^^ , etc. 

Example. Let k — 2 . Let Ai , A2 be two copies of the same algebra A . Then for any 
a,beA we have a(^) = a (g) 1 , 6^^) = 1 (g) 6 , (a (g) = a^b and (a (g) = 6 (g) a . 

Fix a positive integer N . All over the paper we identify elements of End(C^) with 
NxN matrices using the standard basis of . 

We will use the rational and trigonometric i?-matrices. The rational R-matrix is 

JV 

(1.1) R{u) = U + ^ Eab®Ef,a, 

a, 6=1 

where Eah E End(C^) is a matrix with the only nonzero entry equal to 1 at the inter- 
section of the a-th row and 6-th column. The i?-matrix satisfies the inversion relation 
R{u) R^'^^\—u) = 1 — and the Yang-Baxter equation 

(1.2) 

u — V )R^''\u)R^^^\v) = i?(23)(^)i?(13)(^)i?(12)( 

u — V) . 

Fix a complex number q not equal to ±1 . The trigonometric R-matrix 

N 

(1-3) Rq{u) = {uq - g-i) J] ® Eaa + 

a=l 

+ {U-1) Yl (^«« ® ^bb + Ebb ® Eaa) + 
l^a<b^N 

+ {q-q~^) {uEab®Eba + Eba®Eab)) 

l^a<b^N 

satisfies the inversion relation Rq{u) r'^^\u~^) = {uq — q~^) {u~^q — q~^) and the Yang- 
Baxter equation 

) {u/v) 4^^) {u) ) (.) = ) (.) 4^^) {u) ) {u/v) . 
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Let Cab 1 a, 6 = 1, . . . , AT , be the standard generators of the Lie algebra glj^: 

i^ab ) ^cd] — ^bc ^ad — ^ad ^cb ■ 

N 

Let f) = Ccaa be the Cartan subalgebra. For any A e f)* we set A'* = (A,eoa), 

o=l 

and identify [)* with C-^ by taking A to (A^, . . . , A^) . We use the Gauss decomposition 
Q^N = f) © n+© n_ where n+ = Ccab and n_ = Ceba ■ A vector v in a gl^v'^^^dule 

a<Cb a<,b 

is called a singular vector if n+z; = . The space is considered as a gl^Y'^odule with 
the natural action, Cab ^ Eab ■ This module is called the vector representation. 

2. Rational weight functions 

The Yangian 1^(0 tjv) is a unital associative algebra with generators T^^^ , a,b — 1, . . . , 
N and s = 1,2,... . Organize them into generating series: 

oc 

(2.1) Tabiu) = Sab+Y.'^ab^'^'"^ a,b=l,...,N. 

s=l 

The defining relations in Y{qIj^)) have the form 

(2.2) {u-v)[Tab{u),Tcd{v)] ^ Tcb{v)Tad{u) -Tcb{u)Tad{v) , 
for all a, 6, c, d = 1, . . . , A?" . 

N 

Combine series (2.1) together into a series T{u) = ^ Eab®Tab{u) with coefficients 

a, 6=1 

in End(C-'^) ® Y{Q[p^) . Relations (2.2) amount to the following equality for series with 
coefficients in End (C^) ® End (C^) ® Y{q\j^) : 

(2.3) 

[u — V [u — V) . 

The Yangian Y{q[^) is a Hopf algebra. In terms of generating series (2.1) , the coproduct 
A : Y{Q{jq) Y{'q{j^) (g) Y{q{j^) reads as follows: 

N 

(2.4) ^Tab{u)) = J2 Tcb{u) ® Tac{u) , a, 6 = 1, . . . , iV . 

c=l 

There is a one -parameter family of automorphisms : Y{Qi^) Y{q[^) defined in 
terms of the series T{u) by the rule px{T{u)) = T{u — x); in the right side, {u — x)~^ 
has to be expanded as a power series in . 

The Yangian Y{qI^) contains the universal enveloping algebra U{Qlp/) as a Hopf subal- 
gebra. The embedding is given by Cab ^ T^a^ for aU a, 6 = 1, . . . , TV . We identify U{qIn) 
with its image in Y{qIj^) under this embedding. It is clear from relations (2.2) that for any 
a,b=l,...,N, 

(2.5) [Kb® l + l®eob,T(w)] = 0. 
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The evaluation homomorphism e : Y{glp/) — > U{Qlp^) is given by the rule e : TJ^^ i— > e^a 
for any a,b = 1, . . . ,N , and e : TJ^^ i-^ for any s > 1 and all a, 6 . Both the automor- 
phisms px and the homomorphism e restricted to the subalgebra U (flljv) the identity 
maps. 

For a 0[jv"^o<iule V denote by V{x) the Y (qIj^j) -module induced from V by the ho- 
momorphism eo Px . The module V{x) is called an evaluation module over Y{qIj^) . 

A vector v in a y(0ljv) -module is called singular with respect to the action of Y{glj^) 
if Tfea = for all l^a<6^A^. A singular vector v that is an eigenvector for the 
action of Tii(tt), . . . ,Tnn{u) is called a weight singular vector; the respective eigenvalues 
are denoted by (Tii('u)f), . . ., {Tnn{u)v) . 

Example. Let F be a g[^-module and let v E V he a, singular vector of weight (A^, . . . , 
A-^) . Then f is a weight singular vector with respect to the action of Y{qIj^) in the 
evaluation module V{x) and {Taa{u) v) = 1 + A°'{u — o = 1, . . . , iV. 

If vi,V2 are weight singular vectors with respect to the action of Y{glj^) in Y{gljy)-mod- 
ules Vi , F2 , then the vector vi <Si V2 is a weight singular vector with respect to the action of 
y(0l^) in the tensor product Vi (g) F2 , and {Taaiu)vi <S> V2) = {Taa{u) vi) {Taa{u) V2) for 
all a= 1,...,A^. 

We will use two embeddings of the algebra Y{q[^_-^ into F (flljv) , called and '0 '■ 

(2.6) <t,(TS-\u)) = T^iu) , ^(rir'>(«)) = tS,,^.(«) , 

a,b — 1, . . . , N — 1 . Here T^^ ^\'^) and rj^^(u) are series (2.1) for the algebras Y{qIj^_i) 
and F(g[jY) , respectively. 

Let ^ = (^^, . . . , $,^~^) be a collection of nonnegative integers. Set = ^""^ -|- . . . -|- , 
a = 1, . . . , AT , and |^| = -|- . . . -|- = C^^. Consider a series in |^| variables t\, . . . , 

t|i , ... , t^~^, . . . , with coefficients in Y(gl]^) : 

(2.7) %(t},...,tf^-\) = (tr®l^l®id)(^T(i'l«l+i)(t})...T(l^l'l^l+i)(tf^-\) X 

(a,i)<(6J) 

Here tr : End(C'^) ^ C is the standard trace map, the pairs in the product are ordered 
lexicographically, (a, i) < {b,j) if a < 6 , or a = b and i < j ', the product is taken over 
all two-element subsets of the set {{c,k) \ c = 1, . . . , AT — 1 , k = 1, . . ; the factor 
i?(^<''+j,^<"+^)(t&_ta) is to the left of i?(^^'+''^^'+'=)(tf-t^) if {a,i) < {c,k),OT {a,i) = 
{c,k) and {b,j) < {d,l) . 

Remark. The series M^{tl, t^-_\) belongs to Y{qIn) [tl, t^-_\] [[{tl)~\ (tf^"_\)"^]] . 

Remark. Using the Yang-Baxter equation (1.2) one can rearrange the factors in the product 
of i?-matrices in formulae (2.7), (2.8). For instance, 

JJ J?(«<'+^-.«<"+^)(t5-t«) = J] i?(€''+^'«"''+^)(t5-t«). 
{a,i)<{b,j) {a,i)<{b,j) 
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where in the right side the factor {t]-tf) is to the right of i^C^^^+'-^^'+fe) {tf- 

t^) if (a,z) < (c, A;) , or (a,z) = (c, /c) and (6, j) < {d,l) . In particular, for any a = 
1, . . . , AT — 1 , and any i = 1,...,^" — 1, there are rearrangements of factors such that 
^($<"+»+i,^<"+i)^^a^^ _ jg ^]^g jgf^ Qj. ^]^g right factor of the product. 

Remark. Relations (2.3) imply that 

(2.8) T(i'l^l+i)(ti)...T(l^l'l^l+i)(tf^-\) n - = 

{a,i)<(b,j) 

= n i?^^''+^'^"+'^(t?-tn T(i^i'i«i+^)(tf^-\)...T(i'i«i+^)(t}). 

(a,i)<(6,j) 

Further on, we will abbreviate, t = (tj;, . . . , t^N~_\) . Set 

iv-i . re'. 

(2.9) B,(o = B,w n n ^rrFTi n n n ^ttt^ ■ 

a=l l^i<i^e" * l^a<b<7V i=l j=l J » 

cf. (2.7). To indicate the dependence on A?", if necessary, we will write M^^\t) . 

Example. Let = 2 and ^ = . Then Mf\t) = Ti2{t\) . . .Ti2(tji) . 
Example. Let N = 3 and ^ = (1, 1) . Then 

nfit) = T^2{t\)T2s{tl) + ^_^Ti3(ti)T22(tD 

— tl 

Example. Let AT = 4 and ^ = (1, 1, 1) . Then 

Mf{t) = T,2{t\)T^z{tl)nM) + 

+ (t2_ti)\t3-tf) (^i4(tl)r22(tf)r33(t^) + ri3(tl)r24(tDr32(t^)) + 

+ {tl-t\){t\-t\){t\-tl) ^14(^l)^23(ti)T32(ti) . 

The direct product of the symmetric groups 5*^1 x ... x S^n-i acts on expressions in |^| 
variables, permuting the variables with the same superscript: 

(2.10) aix...xa^-^:/(tl,...,e-\) ^/(t^,...,t^ ; ... ; . . . , ), 

where a" G , a = 1, . . . , A^ - 1 . 
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Lemma 2.1. [TVl, Theorem 3.3.4] The expression B^(t) is invariant under the action of 
the group S^i x . . . x S^n-i . 

Proof. Let P = ^ Eab <8) E^a be the flip map, and R{u) = PR{u) . For any a = 1, . . . , 

a,b 

N — 1 we have 

(2.11) R{u)Ea+i,a^Ea+i,a = {u + 1) Ea+i,a ^ Ea+i,a = Ea+i,a^ Ea+i,aR{u) . 

Set 

(a,i)<(&,i) 

Let i = (t];, . . . be obtained from t = (t];, . . . by the permutation of tf and 

tf^.]^ . Set j = i + ^ ^.'^ ■ The Yang-Baxter equation (1.2) and relations (2.3) yield 

b<a 

Hence, 

%(t) = (tr®i«i®id)(T(t)£;2®/'0...0£;®f^:;(g)i) = 

= (tr^i^i ® id) (^(^■'^■+^)(tr+i - tt) T{i) {R^^+'^^\t:-tt+^))-'E^f'® ... ® i) = 



fa_fa I 



^ (tr^l^l ® id) (T(f) ... 01)= ' 



by formula (2.11) and the cyclic property of the trace. Therefore, B^(f) = B^(t) , see (2.9). 

□ 

If V is a weight singular vector with respect to the action of Y{q{^) , we call the 
expression B^(t)t; the {rational) vector-valued weight function of weight (C\ C"^) • • • > 
^iv-i_ _^JV-i) associated with v. 

Weight functions associated with gt^ weight singular vectors in evaluation y(0[^) -mod- 
ules (in particular, highest weight vectors of highest weight gtjy-modules) can be calculated 
explicitly by means of the following Theorems 3.1 and 3.3. The theorems express weight 
functions for Y{Q{jq) in terms of weight functions for Y{q{^_-^) . Applying the theorems 
several times one can get 2^~'^ combinatorial expressions for the same weight function, the 
expressions being labeled by subsets of {1,...,A^ — 2}. The expressions corresponding to 
the empty set and the whole set are given in Corollaries 3.2 and 3.4. 

Let vi, . . . ,Vn be weight singular vectors with respect to the action of Y{glj^) . Corol- 
lary 3.6 expresses the weight function B^(i) (vi (8) . . . (8) v„) as a sum of the tensor products 
B^i(ti)t'i . . . ® Mi^^{tn)vn with Ci + • • ■ + Cn = ^ , and ti, . . . ,tn being a partition of the 
collection t of |^| variables into collections of |Ci| , • • • , |Cn| variables. This yields com- 
binatorial formulae for weight functions associated with tensor products of highest weight 
vectors of highest weight evaluation modules. 
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Remark. It is shown in [KR] that for a weight singular vector v in a, tensor product of 
evaluation y(g[jY) -modules, the values of the weight function ]B^(t)w at solutions of a cer- 
tain system of algebraic equations (Bethe ansatz equations) are eigenvectors of the transfer 
matrix of the corresponding lattice integrable model. This result is extended in [MTV] to 
the case of higher transfer matrices. 

Remark. The weight functions 'E^{t)v are used in [TVl] to construct Jackson integral 
representations for solutions of the qKZ equations. 

Remark. The expression for a vector-valued weight function used here may differ from 
the expressions for the corresponding objects used in other papers, see [KR] , [TVl] . The 
discrepancy is not essential and may occur due to the choice of coproduct for the Yangian 
Y{gl^) as well as the choice of normalization. 

3. Combinatorial formulae for rational weight functions 

For a nonnegative integer k introduce a function Wk{ti, . . . ,tk) : 



ti tj 



For an expression f{t\, . . . , t^jv-i) , set 

(3.1) Sym^ f{t\, t^^-_\) = Yl fitli, t\ ; 



. j-JV-l 

) JV-l) 



.AT-l X 



where cr" e S^a. , a=l,...,A'" — 1, and 

(3.2) S^t/(t) =Symf(/(t) J] W^el^^ • • • > 



Let . . .^Vj^ ^ be nonnegative integers. Define a function X^(ti, . . . , t^i; ... ; 



.N — l .JV— 1 \ 

''1 ) • • • ) ^fjN-l) -I 

(3.3) 



^r,{t) = n n fa+1 _ .a 11 \a+l ^ -a 
a=l L j=l S i=l S 



.N-1 



...A 



N-l 



The function X^(t) does not actually depend on the variables t^jv-2_|_i, • ■ ■ , "-^iv-i • 
For nonnegative integers r;^ ^ . . . ^ ri^~^ define a function Y^{t\, . . . ,t\; ... ; t 



N-l 



.N-l. 



V 



N-l r ry° 



(3.4) 



Y,it) = n n 



n 



j+V" 



fa j.a — 1 J. J. j.a j.a — 1 

a=2 >- j=l ^3 ''i-t-r7«-i-rj" i=l ''j+rj^-i-rj" 



The function l^(t) does not actually depend on the variables tJ, . . . , ^^i_^2 
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For any ^, 77 e Z^^ ^ , define a function %r;(*i, • • • , t^N-\ ; s}, . . . , s^-i) , 

N-2 v'^ fa+l_ „a , 1 

(3.6) zat;s) = n n n ■ 

a=l i=l j=\ i j 



The function Z^^f^it; s) does not actually depend on the variables t\, . . . ,t^i and ^, • • • , 



JV-l 



If ^, 77, C G Z^-^ are such that ^ - C e Z^o"^ ^^^^ (-^ & ^>o^ , and t = {tl, . . . ,tl , 



. . . , t ^5 • • • 5 t^N-i) , then we set 



(3.6) /:[^] — ... . . . , , 

Notice that t[n] = t{o,r]] ■ 

For any C = , • •' • , e^"^) set ^ = • • • , r"') and ^ = (^^ • • • , C^"') ■ ^ t = {tl 
. . . , t|i , ... , t ^, • • • , , then we set 

(3.7) i = (t]^, . . . , t^i ; ... ;ti , • • • , i^jv-2) 5 

L — \Li, . . . , L^2, ... , Li ,...,t^N-l)- 



Theorem 3.1. Let V be a glj^-module and v E V a singular vector of weight {A^, . . . 
A-^) . Let . . . , he nonnegative integers and t — {t\, . . . ,t^i; ... ; ti~^, . . . , ) 

In the evaluation Y (Qlp/) -module V{x) , one has 



(3.8) M,(t)v = n E ^ n (e -,<•)! (',•+'-,•)• 



X Symf 



^'7(%-^,4])^^-»?,r,(iK-r,];^(^-r,,^]) H 11 ^ TT^^ ^ 



Ar-2 77°-l .a _ ^ I Aa+1 

n n ^^^^^ 



the sum being taken over all r} = (77-^, . . . , r}^ ^) e Z>q ^ such that r]^ ^ . . . ^ -q 



N-l _ cN-1 



and r}°' ^ for aii a = 1, . . . , A?" — 2 . Other notation is as follows: Symf is defined by 
(3.2), the functions and Z^-r^^n are respectively given by formulae (3.3) and (3.5), 
is tie iirst of embeddings (2.6), and 



^^(s) coming from (2.9) . 
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Remark. For N = 2 , the sum in the right side of formula (3.8) contains only one term: 
rj = ^ . Moreover, X^j = Z^_^^^ = 1 , and B^^^^y = 1 by convention. 

Corollary 3.2. Let V be a glj^-module and v eV a singular vector of weight (A^, . . . , 
A-^) . Let C"*^, . . . , be nonnegative integers and t = (t\, . . . ,t^i; ... ; t^~^, . . . , . 

In the evaluation Y{qIj^) -module V{x) , one has 



N-l ^ 



(3.9) M,it)v^ niiT^ E n 



a=l i=l ^ 

r N a-2 m' 



(uiab _ 



,a,6-l)! ab 



V X 



X Sym 



m '-l^bKa^N 

ti+m-^b -X + A^ + ^ ^ + ^ - t -^^ab + 1 



nn n 

o=3 b=l 1=1 ^ "i+nv 



+6+1 _ +b 



n 



Here the sum is taken over all collections of nonnegative integers m°'^ , 1 ^ b < a ^ N , 
such that m"^ ^ . . . ^ ^a,a-i ^a+i,a _|_ _ _ _ _|_ _ £^j, a = 1, . . . , N — 1 ; by 

convention, m"'^ = for any a = 2, . . . , N . Other notation is as follows: in the ordered 

product the factor e®^ is to the left of the factor e®^ if a > c , or a = c and b > d , Sym^ 

is defined by (3.2), and rh°'^ = m''+^'^+ . . . + rn'^~^''' for all l^b<a^N,in particular, 

Theorem 3.3. Let V be a glj^-module and v E V a singular vector of weight (A^, . . . , 
A''^) . Let . . ., be nonnegative integers and t = {t\, . . . ,t^i; ... ; ti~^, . . . , t^~\) . 

In the evaluation Y{qIj^) -module V{x) , one has 

e ^ N-i ^ 

(3.10) MMv = V M T TT 77 TTT ^ TT X 

^^(^M)^r,,4-r,(^M;^(^,e]) n n \a_^ ^ 

a=2 i=l ^ 

X e^^''^g-^^.. efrV(B|^r;;..(t(,,e]))^ 

the sum being taken over all rj = {rj^, . . . , 'r]^~^) G such that ^} = rj^ ^ ■ ■ ■ ^ ri^~^ 

and rj"- ^ ^" for all a = 2, . . . , N — 1 . Other notation is as follows: Symf is defined by 
(3.2), the functions Y^i and Zr^^^-x) are respectively given by formulae (3.4) and (3.5), is 
the second of embeddings (2.6), and 



X Sym^ 



.(7V-1> 



(s) coming from (2.9) . 
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Remark. For N = 2 the sum in the right side of formula (3.10) contains only one term: 
rj = ^ . Moreover, Y"^ = Z^j^^-n = 1 , and B^^^^y. = 1 by convention. 

Corollary 3.4. Let V be a glj^^-module and v E V a singular vector of weight (A^, . . . , 
A-^) . Let . . . , be nonnegative integers and t — {tl, . . . ,t^i; ... ; ti~^, . . . , t^ll) . 

In the evaluation Y (glj^) -module V{x) , one has 



N-l ^ 



(3.11) B,(()„= niii^ E n 



X Sym^ 



a=l i=l « 

N-l a-1 m'"+l'''-l 

nn n 

a=2 6=1 i=0 



X ^ — ' (m' 

m ^l<b<a<N^ 



fa 



X + A" 



t1, 
rrv 



ab _ ^o+l,6^| ab 

n 



t-^Tja + l.b. 



V X 



_ j.o-1 J. J. j.a _ + 



a-1 
3 



Here the sum is taken over all collections of nonnegative integers , 1 ^ b < a ^ N , 
such that m"+^'" ^ . . . ^ m^" and m"+^'^ + . . . + m"+^'" = ^" for aJJ a = 1, . . . , iV - 1 ; 
bj conyention, m^^^'°' = for anj a = 1, . . . , A?" . Other notation is as follows: in the 
ordered product the factor e®^ is to the left of the factor ef^ if b < d , or b = d and a < c, 

Sym^ is defined bj (3.2) , and m"'' = m,°'^ + . . . + m°'^ for all 1 ^ b < a ^ N , in particular, 



a+l,a ta 



Theorem 3.5. [TVl] Let Vi, V2 be Y{glj^) -modules and vi e Vi , f 2 G V2 weight singu- 
lar vectors with respect to the action of Y{qIj^) . Let . . . , be nonnegative integers 
and t = (ti, . . . , tji ; . . . ; t^-\ . . . , t^^-_\) . Then 



(3.12) M^{t){vx®V2) 



N-l 



= E n (£a_i)!^a! symf [ n n 11 

Tj a=l I J I 



a=l i=l j=r)°'+l r 



tf+^-t^ 



X 



iV-1 . r;" r 

n [il{Taaitt)v2) n (T„+i,«+i(t«)^;i>) B^(t[^])^;i(8)B^_^(t(^,^])^;2 

a=l ^i=l j=r)"-+l 



the sum being taken over all 77 = (77^, ... , r]^ ^) G Z^q ^ sucii tiat ^ — rj E ''" . In the 
left side we assume that B^(t) acts in the Y{qIj^^) -module V2 . 

To make the paper self-contained we will prove Theorem 3.5 in Section 5. 

Corollary 3.6. Let Vi,...,Vn be Y{glj^) -modules and Vr E Vr , r — 1, . . . ,n , weight 
singular vectors with respect to the action of Y{qI^) . Let . . . be nonnegative 

integers and t = {t\, . . . ,t^i; ... ; t . . . , t^i^_\ ) . Then 
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(3.13) M^{t){vi^ ...^Vn) = 



N-1 



n n t;;^^^ s^. n n n n 



N-2 n-l e ^a+l_^a_^i 



j.a+1 _ .a 
a=l r=l i=r,«+i+l j=V?+i » 

N-l n .Vr-i e 



N—1 n y -11 — 1 s N 

X n n ( n (TaaittW) n {Ta+l,a+lit>r)) X 



Here the sum is taken over all rji, . . . , rjn-i G , Vr = {Vr^ ■ ■ ■ 1 V^~^) j suci tiat 

?7r+i — r]r E '^^Q^ for any r = 1, . . . , n — 1 , and 770 = , ?7n = C ? t'J convention. Tie sets 
Hvi] ' ^{vr,Vr+i] defined by (3.6). In the left side we assume that B^(t) acts in the 
Y{qIj^) -module Vi (g) . . . (g) K • 

Remark. In formulae (3.8) -(3.13), the products of factorials in the denominators of the 
first factors of summands are equal to the orders of the stationary subgroups of expressions 
in the square brackets. 

4. Proofs of Theorems 3.1 and 3.3 

We prove Theorems 3.1 and 3.3 by induction with respect to A^, assuming that The- 
orem 3.5 holds. For the base of induction, N = 2, the claims of Theorems 3.1 and 3.3 
coincide with each other and reduce to the identity 

The induction step for Theorem 3.1 (resp. 3.3) is based on Proposition 4.2 (resp. 4.1). 

Let E^^~^^ e End(C''^~-'^) be a matrix with the only nonzero entry equal to 1 at the 
intersection of the a-th row and 6-th column, R^^~^\u) the corresponding rational i?-mat- 
rix, cf. (1.1), and T^^ ^^(w) series (2.1) for the algebra Yis^N-d ■ Denote by L{x) a 
Y{Qlj^f_i) -module defined on the vector space C'^~^ by the rule 

(4.2 g) 7t{x) : T<^-'\u) ^ 5^, + {u- x)-'eI^-'^ . 

Denote by L{x) a y(0l;v-i)"^^odule defined on the space C^"-*^ by the rule 

w{x) : Tjf-^>(«) ^ 6at -{u- x)-'Ei^-'K 
Using i?-matrices, the rules can be written as follows: 

7t{x) : T^^-^\u) ^ {u- x)-^R<^-^\u - x) , 
w{x):T<''-'\u) ^ {x-u)-'{{R<''-'\x-u)f'^y\ 
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the superscript t2 standing for the matrix transposition in the second tensor factor. 

Let wi,...,Wjv-i be the standard basis of the space C"^"^. The module L{x) is 
a highest weight evaluation module with highest weight (1,0, ...,0) and highest weight 
vector wi . The module L{x) is a highest weight evaluation module with highest weight 
(0, . . . , 0, — 1) and highest weight vector wn-i . 

For any X G End(C^-i) set iy{X) = Xwi and z/(X) = Xwn-i ■ 



Consider the maps : ^ (C^"^)®'= ® 



N) ; 



(4.3) ijixi,...,Xk) = (z/®''®id)o (7r(a;i)®...®7r(a;fc)®^/;) o (A<^-i))^^\ 

and (P{xi,...,Xk) : ^(sU-i) ^ ^(0^) ® (C^-l)®^ 

(l){xi, ...,Xk) = (id ® z?®^) o (0 w{xi) ® . . . ® w{xk)) o (A^^-^y^^ , 

where and are embeddings (2.6), and (A<^-i>)^''^ y(0l^_i) ^ (>"(0U-i))®^''^^^ is 
the multiple coproduct. 

For any element g e (C'^"-'^)®'^® y(£|[jv) we define its components g^^' - '^-k by the rule 



N-l 

g= J2 Wai® Wa,®^"i'-'"'= 



ai,...,ak — i 

A similar rule defines components of elements of the tensor product Y(glj^) (g) (C^~^)'^'^. 



Proposition 4.1. [TVl, Theorem 3.4.2] Let ^ be nonnegative integers and 

t = (t];, . . . , t|i ; ... ; , . . . , t^jv_i) . Then 

N-l 

(4.4) B,(t) = T,,,.+l{tl)...T^,a^.+litl.){^^;itl...,^^^^^ 

ai,...,a^i = l 

cf. (3.7). 

Proof. To get formula (4.4) we use formulae (2.7) and (2.9), and compute the trace over the 
first ^1 tensor factors, taking into account the properties of the i?-matrix (1.1) described 
below. 

Let vi, . . . , Vat be the standard basis of the space C^. For any a, 6 = 1, . . . , iV, the 
i?-matrix R{u) preserves the subspace spanned by the vectors Va ® and eg) Va . 

Let W be the image of C-'^"-^ C-'^"-^ in C^® C''^ under the embedding Wa (g) i— > 
Vo+i (8) V6+1 , a, 6=1,..., A?" — 1. The i?-matrix R{u) preserves W and the restriction of 
R{u) on W coincides with the image of R<^-^\u) in End(C^-^(g)C^-^) induced by the 
embedding. □ 
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Proposition 4.2. Let ^ be nonnegative integers and t= (tj;, . . . , 

t^-\...,t^^-_\). Then 

(4.5) M^{t) = 



N-l 



ai,...,a^i = l 



ai,...,a^i 



cf. (3.7). 



Proof. To get formula (4.5) we modify formula (2.7) according to relation (2.8), use formula 
(2.9), and compute the trace over the last ^jv-i tensor factors, taking into account the 
structure of the i?-matrix (1.1). □ 

Proof of Theorem 3.3. For a collection a = (ai, . . . , a^i) of positive integers let c^{a) = #{r 
\ ttr ^ b} , and c(a) = (c^(a), . . . , c^~^{a)) . 

To obtain formula (3.10) we apply both sides of formula (4.4) to the singular vector v in 
the evaluation module V{x) over Y{qIj^) . In this case, Tia{u) acts as {u — x)~^eai and 
we have 

1 

(4.6) M^{t)v = HtT— : X 
1=1 * 



X 



N-l 

Y.eir'eir'--^:' E (i'(t\,...A')(«f-\t))y 

r] ai,...,aji = l 

c{a)=ri 

the first sum being taken over all r} = {rj^, . . . ,r)^~^) e Z>(7^ such that = rj^ . . . ^ 

Let '^V{x) be the y(g[;Y-i) "'module obtained by pulling V{x) back through the embed- 
ding V- Then i;{tl,...,tl^){M^^~^\i)) V is the weight function associated with the vector 
Wi . . . wi (g) in the y(0ljv-i) -module L{t\) ® L{t\^) ^"l/(a;) . We use Theo- 
rem 3.5 to write • • • , *|i)(®^^"^^(^')) 

f as a sum of tensor products of weight functions 
in the tensor factors, that is, as a sum of the following expressions: 

7r(t})(B<f-^>(5i)) wi ... 7r(tj0Kfr'^(^^0) wi ® V'K^"'^(^o)) ^ 

where Co, . . . , C^i , sq, . . . , sgi are suitable parameters, and employ Corollary 3.4, valid by 
the induction assumption, to calculate the weig ht functions 7r(t])(B[^ Wi in the 

modules L{t}j) . As a result, we get formula (4.8), see Lemma 4.3 below. 

Observe that in the module L[x) one has (Tii(t(,)wi) = l + {u—x)~^ and (T'ao(w)wi) = 
1 for all a = 2, . . . , N . The weight function 7r(a;)(B^^~^^(s)) wi equals zero unless ( = (1, 
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. . . , 1, 0, . . . , 0) (it can be no units or zeros in the sequence). If = . . . = ('^ = 1 and 
= ... = C^"^ = , then s= {sl,...,s{) and 

(AT-l)/ x\ _ Cr+l,! Wi 



is\-x){sl-s\)...{sl-sr') 

Fix T] = (r]^, . . . , r]^~^) e '^^q^ such that 77-*^ ^ . . . ^ r]^~^ . Consider a collection I of 
integers If, a = 1, . . . , AT - 2 = 1, . . . , 77'*+^ , such that 1 ^ If < . . . < ^ rj" for all 

a = 1, . . . , N — 2 . Introduce a function Fi(s) of the variables s];, . . . , s^i; ... ; s^~^, . . . , 
iv-i . 

(4.7) F.(s) = n n (tttV n 

There is a bijection between collections I and sequences of integers a = (ai, . . . , a^i) such 
that 1 ^ Oi ^ iV — 1 for all i = 1, . . . , 77^, and c(a) = ?7 . It is established as follows. Define 
numbers pf by the rule: p} = 1} , i = 1, . . . , 77^ , and pf — p^a~ , a = 2, ...,A^ — 2, 7 = 1, 
. . . , 77"+^ . Then the sequence a is uniquely determined by the requirement that ai > b iff 
i G {p^, . . . , p^b+i } , for all z = 1, . . . , 77^ . We will write a(Z) for the result of this mapping. 
Summarizing, we get the following statement. 

Lemma 4.3. Let rj = {rj'^, r/^^^) G be such that = 77^ ^ . . . ^ 77^"^ . Let I 

be a coUection of integers as described above, and a{l) — (ai, . . . , a^i) . Then 



(4.8) {i;{tl...,tl.){Mf-'\i))r-''^' 



V 



^-1 2 ■• r ^ fb _ _|_ ^6 



6=2 i=l 



Cf. (3.5) for Zrj,^-rjit[r,y,t^r,,^]) 



Comparing the expressions under Sym in formulae (4.8) and (3.10), and taking into 
account that the product 



N-l ri'' 



6=2 i=l 



is invariant with respect to the action of the groups Sjji x . . . x SrjN-i and S^i-n^ x . . . x 
S^N-i_^N-i permuting respectively the variables t\,...,t^i; ... ; . . . , and 
■ • • , t^i; ■ • • ; • ■ ■ 5 t^N~-i : oiie can see that formula (3.10) follows from for- 

mula (4.6) and Lemma 4.4 below. Theorem 3.3 is proved. □ 
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Lemma 4.4. Let r] = (r]^, . . . ,7/^"^) G Z^q"^ such that r]^ ^ . . . ^ r]^-'^ . Let s 



— C.1 



= S 



7V-2 



(4.9) 



cf. (3.4) for Yri{s) . The sum is taken over all collections I of integers , a = 1, . . . , A'^ — 2 , 
i = 1, . . . , ry^+S such that 1 ^ 11 < . . . < I'^^+i for all a = 1, . . . , iV - 2 . 

Proof. Let p, r be positive integers such that p . Consider a function 



Gp^r {yi 1 • • • iVp'i ^li • • • 1 ^r) 



1 



(r — p)\ 



Sym 



2l ,---)^r 



nf;:^ n 



2/i ^j+r 



It is a manifestly symmetric function of Zi, . . . ,Zr , and it is a symmetric function of yi, 
■ ■ ■ jUp by the next lemma. 

Lemma 4.5. 



Gp,r{yi,...,yp;z,,...,zr) = J2^y^L-,y, 11(^7377 11 ^\,.-z-^ 



the sum being taken over all p-tuples d = (di, . . . , dp) such that 1 ^ di < . . . < dp ^ r . 

The proof is given at the end of Section 7. 

It is convenient to rewrite formula (3.4) in the form similar to (4.7) : 



a + l 



(4.10) r,(.) = 



N-2 V 

n n 



n 



„a+l _ a 

« j+v°—v 



_„o+i + 1 



To prove formula (4.9) we will show that the expressions in both sides of the formula are 
equal to 

Ar-2 



a=l 



The proof is by induction with respect to N . The base of induction is = 3 . In this case 
the claim follows from Lemma 4.5 and identity (4.1). The induction step for the left side of 
(4.9) is as follows: 
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a + l 



X 



Ar-2 V 

n n 

a=2 1=1 



n 



j_|_^a_^a + l + 1 



— ^J^??^ ,ji(sj, . . . , s^2 ; . . . , s^i) X 



X Sym- 



Ar-2 v"^ 

n n 

a=2 i=l 



n 



-,a+l 



ii"- -\- 1 



_ „a 11 (.a+l _ a 



N-2 



Kj^a+l^^a\^b-^ 1 ■ . ■ 1 *jja + l ) *1) • • • ) *rj«/ 



a=l 



In the last two equalities we use the fact that 0^2^^^! (s^, . . . , ; s];, . . . , s^i) is symmetric 
with respect to sf , . . . , s^2 , and the induction assumption. 

The idea of the induction step for the right side of (4.9) is similar. First, one should 
symmetrize Fi[s) with respect to the variables . . . , and sum up over all possible 

□ 



collections ^, • • • , ^'^n-i , 



7 Ar-2 



and then use Lemma 4.5. We leave details to a reader. 



Proof of Theorem 3.1. The proof is similar to the proof of Theorem 3.3, mutatis mutandis. 
In particular. Lemma 4.5 should be replaced by Lemma 4.6 given below. □ 

Lemma 4.6. Let p, r he positive integers such that p ^ r . Then 



1 



Sym 



{r-p)\ 



Zl,...,Zr 



-P 



p 

n 

i=l 
r P 



1 jj- Vi - + 1 

~ i^j<i ~ 



n 



n 



yi - Zj + 1 



the sum being taken over all p-tuples d= (di, . . . , dp) such that 1 ^ di < . . . < dp ^ r . 
Proof. The statement follows from Lemma 4.5 by the change of variables — > —yp-i, 



Zr-j , and a suitable change of summation indices. 



5. Proof of Theorem 3.5 



□ 



The theorem is proved by induction with respect to N . The base of induction, the N = 2 
case, follows from Proposition 5.3. The induction step is provided by Proposition 5.4. 

AT-l 



Let P<^-i> = E^f "'^ ® E^^-^^ be the flip matrix, and R^^-^\u) = u + P<^-i) 



,(Ar-i) 



a, 6=1 



the i?- matrix for the Yangian i^(gljv-i) • 



16 



In this section we regard T{u) as an NxN matrix over the algebra Y{gl^)[u ^] with 
entries Tab{u) , a, 6 = 1, . . . , AT . Let 

(5.1) A{u) = T^^{u), B{u) = (Ti2(«),...,TiA,(«)) , D{u) = {T,j{u))^.^^, 

be the submatrices of T{u) . Set R{u) — u~^R^^~^\u) . Formulae (2.3) and (1.1) imply 
the following commutation relations for A{u) , B{u) and D{u) : 

(5.2) A{u)A{t) = A{t)A{u), 

(5.3) S[il(«)S[2](t) = _^zl_s[2](t)s[il(„)^(i2)(^_^)^ 

(5.4) A{u)B{t) = """^"-^ B{t)A{u) + ^— B{u)A{t), 

(5.5) D^^\u)B^^\t) = 



u-t + 1 



B^^\t)D^^\u)m^\u-t) - -^B^^\u)D^^\t). 



u — t u — t 

(5.6) ^(^2) _ ^) ^(1) ^(2) ^ ^(2) ^(1) ^(12) _ ^) ^ 

In this section we use superscripts to deal with tensor products of matrices, writing paren- 
theses for square matrices and brackets for the row matrix B . 

Set R{u) = {u + 1)~^P^^~^'^ R^^~^\u) . For an expression /(tti, . . . , tt^) with matrix 
coefficients and a simple transposition (z, z + 1) , z = 1 ... A; — 1 , set 

(5.7) ^*'*+^V(«i>--->«fe) = f{ui, . . . ,Ui^i,Ui+i,Ui,Ui+2, . . . ,Uk) R^'''^'^\ui- Ui+i) , 

if the product in the right side makes sense. The matrix R{u) has the properties 
R(u)R(-u) = 1 and 

R^'^\u-v)R^^'\u)R^'^\v) = R^^^\v)R^'^\u)R^^^\u-v), 
cf. (1.2). This yields the following lemma. 

Lemma 5.1. Formula (5.7) extends to the action of the symmetric group Sk on expressions 
f{ui, . . . ,Uk) with appropriate matrix coefEcients coefEcients: f ^ , a G Sk ■ 

By formula (5.3) the expression B^^\ui) . . . B^'^^Uk) is invariant under the action (5.7) of 
the symmetric group 5'^ . 

For an expression f{ui, . . . , u^) with suitable matrix coefficients, set 

(5.8) ^SymS,^;"';^^^^ /(ui, ...,Uk) = 7(^1, • • • , Wfe) • 
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Proposition 5.2. 

k 



(5.9) A{u)B^^\m)...B^^\uu) = IT B^^\m) . . . B^^\uk) A{u) + 

(5.10) D^''\u)B^^\ui)...B'^^\uu) = 

= A "-^^ + 1 B^'\u,)...B^''\uk)D^^\u)R^'''\u-Uk)...R^''\u-ui) - 

J- -1- II — II ■ 



i=i 

1 Rg ( 1 Y[ Ul-Uj+ l 

{k-l)\ ^"''^'•••'*'=U-«i to 



X 



i=2 



X st°l(M)i?[^l(w,2) . . . B^^\uk) D^^\ui) R^^^\ui - Uk) ■ ■ ■ [Ui - U2) 
In the second formula the tensor factors are counted by 0, . . . , /c . 

Proof. The statement follows from relations (5.3) - (5.5) by induction with respect to k . 
We apply formula (5.4) or (5.5) to the product of the first factors in the left side and then 
use the induction assumption. □ 

Remark. Formulae (5.9) and (5.10) have the following structure. The first term in the right 
side comes from repeated using of the first term in the right side of relation (5.4) or (5.5), 
respectively. The second term, involving symmetrization, is effectively determined by the 
fact that the whole expression in the right side is regular at u = ui for any i = 1 . . . /c , 
and is invariant with respect to action (5.7) of the symmetric group Sk ■ The symmetrized 
expression is obtained by applying once the second term in the right side of the relevant 
relation (5.4) or (5.5) followed by repeated usage of the first term of the respective relation. 

Let A be coproduct (2.4) for the Yangian Y{Qij^) . For a matrix F = {Fij) over Y{q[^) , 
denote by A(F) = (A(Fy )) the corresponding matrix over Y{q{j^) ® Y{q{j^) . 

We will use subscripts in braces to describe the embeddings Y{q[j^) Y{q{j^) ® Y{q[j^) 
as one of the tensor factors: ^{i} = X 1 , ^{2} = 1 ®X , X G Y^Qi^^) . For a matrix F 
over Y{q[^) , we apply the embeddings entrywise, writing -^{2} for the corresponding 

matrices over Y{qIj^) Cg) Y{glj^) . 

Proposition 5.3. We have 



(8.11) A(Bi'i(to...BWfe)) = ^— L^«sym;:,::i( n 



(l...k) ( T-r ti~tj — l 

X 



X i?{;i(t0...i?g\(t^)s|2|'^(^m)---i?{2}(^fc) X 
X Dl]'\ti+i) . . . D[1\itk) A^2}{h) . . . A{2}(t0) 
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Proof. The statement is proved by induction with respect to k . Writing the left side as 

A(S[1]K))A(S[2](«2)...S['1K)), 
we expand the first factor according to (2.4): 

A(5[ii(«o) = i?{;i(^i)A{2}(«i)+5{^i(«i)i){;}(txi), 

and apply the induction assumption to expand the second one. Then we use Proposition 5.2 
to transform the obtained expression to the right side of (5.11). □ 

Regard vectors in the space C''^"-'^ as (A?" — 1) x 1 matrices. Formula (4.4) from Proposi- 
tion 4.1 can be written as follows: 

(5.12) M^{t) = B^'\tl) . . . S[^^l(tJO i;{t\, . . .,tl.){Mf-'\i)) . 
For nonnegative integers k , I such that k ^ I , define an embedding 

(5.13) Mm,...,uk) : y{qIj^_,) ^ (c^-i)®'=®r(0y 0r(5y , 

^i{ui,..., Uk) = i^io (z/®^(8) id (8) id) o 

o (7r(wi) (8) ... tt{ui) (8) V' tt{ui+i) (g) . . . (g) 7r(ttfc) V) ° (A^-'^"^^)''^'''^'' , 

where 

: (c^-^)®'®y(sy ® (c^-^)®(^-^)®y(0[^) ^ (c^-i)®^®y(0y ®y(0[^) 

is given by the rule 'i?/(x Xi (g) y O X2) = x(g)y(g)Xi®X2, xe (C^~^)®', 

y e (C^-i)®^^-^ Xi,X2 e y(0y, and (A<^-i))('=+^^ y(0U_,) {Y{gl^_,)f^'+'^ 

is the multiple coproduct. 

Proposition 5.4. In the notation of Theorem 3.5, we have 

(5.14) M^{t){vi^V2) = 



X B[\\{tl) . . . B\'}^{tj)Bf+'\tl,) . . . B\l\\tl,) Mt\, . . .,tl,){Mf-'\i))^ {v, ® V2) , 

The space Vi ® V2 is regarded as the Y{qIj^) -module in the left side and the y (gtjv) ® ^(fl^iv) 
module in the right side. 
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Proof. Expand M^{t) according to formula (5.12). Since Y{qIj^) acts in Vi <^ V2 via the 
coproduct A , we have 

M^{t){v^®V2) = /^{B^^\t^)...B^^"\^.)^{tl...,t\,){Mf-^\i))){v^®V2) = 

Recall that A applies to matrices entrywise. In the last expression, we develop the factor 
A(i?[^](ti) . . . B^^ k^?0) according to Proposition 5.3, and replace the factor A(^i/;(t{, . . . , 

tl^){M''^~^\i))) hy ^^i{tl,...,tli){M^^~^\i)) according to Lemma 5.5. After that, we 

utilize Lemma 5.6 to transform the result to the right side of formula (5.14). □ 

Let vi, V2 be weight singular vectors with respect to the action of Y{glj^]) . 

Lemma 5.5. For any X e Y{glj^_i) we have 

A{t/;{ui,...,Uk){X)){vi<®V2) = ipk{ui,...,Uk){X)){vi<®V2). 

Proof. Recall that A^^~^^ denotes the coproduct for the Yangian Y{qIj^_i) . Let Yx{gljy) 
the left ideal in Y{gl^) generated by the coefficients of the series T2i{u), . . .,Tni{u) . It 
follows from relations (2.4) and (2.2) that 

A(v^(x)) - (V^ ® V) (A<^-i)(x)) e y(0y ® yM 

for any X e 5^(0(iv-i) • Therefore, 

(5.15) A(V;(X)) (^1 ® V2) = {iP^iP) (A<^-i)(X)) (^;i ® V2) 

because V2 is a weight singular vector. The lemma follows from formulae (4.3), (5.13) and 
(5.15). □ 

Lemma 5.6. For any X G Y{qIj^_i) we have 

(d[[+'\ui+,) . . . D[1\{uk)A^2}iti) . . . A^2}iti) X 

I k 

= n(^22(t,')^i> n <^ii(*])^2> (^/(ti,...,tfc)(x) /«.../('=)) (^10^2). 

1=1 j=i+i 

Proof Recall that D{u) = {id tl;){T<^-^\u)) and R{u - m) = (id 7r(wi)) (T<^-i>(w)) . 
Then according to relation (5.6), for any X e i^(5^jv-i) '^^ have 

D(w,)(V®7r(^i,))(A<^-i)(X)) = (7r(w,)®V')(A<^-^n^))^K)- 
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In addition, remind that D{u) (wi® fi) = Wi® T22{u)vi = {T22{u)vi) (wi® vi) , because 
vi is a weight singular vector. Therefore, 

• • • V'felwi, • • • , Uk){X) {vi (g) V2) = 

= ^i{ui,...,Uk){XD^^^^^\ui+i)...D'^l^y{uk)){vi^V2) = 

k 

= Y\. {T22{Uj)vi) 'l(jl{ui,...,Uk)iX){vi<^V2). 
j^l+1 

Recall that we regard il)i{ui, . . . , Uk){X) as a matrix over Y{glj^)®Y{Qij^) . All entries of 
this matrix belong to V'(^(0^iv-i))) ® V'(^(0^Ar-i))) • It follows from relations (2.2) that for 
any X' E Y{qIj^_i) the coefficients of the commutator Tii{u) ^^{X') — i/;{X')Tii{u) belong 
to the left ideal in Y{gl^) generated by the coefficients of the series T2i{u), . . . ,Tjvi(tt) . 
Therefore, 

(5.16) A{ui)i;{X')v2 = i;{X')T^^{ui) V2 = (Tn(«i)^2> V'(^') ^2 

because A{ui) = Tii(ttj) , cf. (5.1), and V2 is a weight singular vector. Hence, 

A{2}{ui) . . . A{2}{ui) ■Ipliui, . . . , Uk){X) {Vi (g) V2) = 

I 

= Yl{Tii{ui)v2) i^i{ui, . . . ,Uu){X) {Vi® V2) , 
i=l 

which proves the lemma. □ 

6. Trigonometric weight functions 

Notation in this section may not coincide with the notation in Sections 2-5. 

The quantum loop algebra Uq{glj<^f) (the quantum affine algebra without central ex- 
tension) is the unital associative algebra with generators L^f^^, a,b = 1,...,N and 
5 = 0,1,2,.... Organize them into generating series 

00 

(6.1) i*.w = iir'+Eiif'''*' 

s=l 

N 

and combine the series into matrices L^{u) = ^ Eat ® L'^bi'^) • '^^^ defining relations in 

— ■ a, 6=1 

Uq{Qlj^) are 

Ltb'^ = Lt'^ = ^ ^ l<a<b^N, 
Lta'^ Lit'^ = Li+'^ Li-'^ = 1 , a = l,...,N, 

R^^'\u/v) {L^{u)f\L^{v)f^ = {L%v)f\L^{u)f^R^^'\u/v) , 
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ifX,!^) = {+, + ), (+,-), (-,-)•_ 

The quantum loop algebra Uq{Qlj^) is a Hopf algebra. In terms of generating series (6.1), 
the coproduct A : Uq{glj^) — > Uq{Ql^) (g) Uq{Qlj^) reads as follows: 

N 
c=l 

The subalgebras [/^(gt^v) <^ Uq{Q{^) generated by the coefficients of the respective series 
L^f){u) , a,b = 1, . . . , N , are Hopf subalgebras. 

There is a one -parametric family of automorphisms '■ C^q(5^jv) ~^ ^glfl^iv) ) defined by 
the rule 

The quantum loop algebra ?7g(0tiv) contains the algebra/ Uq{Qlj^) as a Hopf subalgebra. 
The subalgebra is generated by the elements L^^^^ , L^b^^ ^ 1 ^ a ^ b ^ N . Set ka = 
Lia^\ a= 1,...,N, and 

(6.2) e,5 = -^^^^^, ha = ° "\ , l^a<b^N. 

q — q q ~ q 

The elements ki, . . . , kjsf , ei2, . . . , ejv-i,iv , ^21, ■ • • , ^n,n-i are the Chevalley generators of 
Uq{Qlj^) . We list some of relations for the introduced elements below, subscripts running 
over all possible values unless the range is specified explicitly: 

ka ^bc — q C-bc ka , 

ea,o+l ea+1,6 - 960 + 1,660,0+1 = h,b-lh-l,b — qh-l,b^a,b-l = 6065 
e6,a+l eo + 1,0 - q 60 + 1,0 66,0+1 = 66,6-1 e6-l,a " 9 66-1,0 66,6-1 = 660 , 
^ca^ba — q^ba^ca ■> ^cb^ca — q^ca^cb 1 CL <i b <i C . 

The coproduct formulae are A(A;o) = ka^ ka-, 

A(eo,o+i) = 1 (8) 60,0+1 + 60,0+1 ® kak~l^ , 
A(eo+i,o) = 60+1,0 <8) 1 + ^a+l^o ^ ® 60+1,0 • 

By minor abuse of notation we say that a vector in a [/^(gtjY) -module has weight (A^, 
...,A-^) if kaV = q^% for all o = 1, . . . , A?" . A vector v is called a singular vector if 
660 1' = for all 1 ^ a < 6 ^ A^ . 
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The evaluation homomorphism e : Uq{Qlj^^) — > Uq{Qlj^) is given by the rule 

^ '■ Laaiu) ^ k-^ - uka , € : L-^{u) ^ ka - u'^ k'^ , a = 1, . . . , N , 

u{q- q~^) ka ha, e : ^afel^) ^ {Q- Q~^) ka ha , 

{q- q~^)eabk~^ , e : Ll^{u) ^ u~^(q - q~^)eabk~^ , 

1 ^ a < b ^ N . Both the automorphisms px and the homomorphism e restricted to the 
subalgebra ^/^(flljv) are the identity maps. 

For a -module V denote by V{x) the Uq{Ql^) -module induced from V by the 

homomorphism eo p^. The module V{x) is called an evaluation module over Uq{Qlj^) . 

Remark. In a A;-fold tensor product of evaluation modules the series L'^{u) and L^{u) act 
as polynomials in u and , respectively, and the action of L'^{u) is proportional to that 
of u^L~{u) . 

Let y be a -module. A vector v & V is called a weight singular vector with 

respect to the action of U~{q{^) if L'^^{u)v = for all 1 ^ a < h ^ N ^ and v is an 
eigenvector for the action of Ll-^{u), . . . , L^jy('u) ; the respective eigenvalues are denoted by 
{Lii{u)v),...,{L-^j^{u)v) . 

Example. Let F be a -module and let v eV he a singular vector of weight (A-*^, 

. . . , A-^) . Then v is a weight singular vector with respect to the action of U~{qIj^) in the 
evaluation module V{x) and (L~^(tt) = q^"^— q~^ xu~^ , a = 1, . . . , A?". 

We will use two embeddings of the algebra Uq{Q{j^_i) into Uq{Q{^) , called (p and ip : 

(6.3) = {Lt,(n)f' , V = (iJ+M+iM)"" . 

Here (L^j('u))^^ and (L^j,('u))^''^^ are series (6.1) for the algebras Uq{gljs^_i) and Uq{gljsf) , 
respectively. 

The constructions and statements in the rest of the section are similar to those of Sec- 
tion 2. We will mention only essential points and omit details. 

Let /c be a nonnegative integer. Let ^ = (^^, . . . , $.^~^) be a collection of nonnegative in- 
tegers. Remind that ^<" = . . . a = 1, . . . , A , and |^| = . . . ^^"^ = ^<^. 
Consider a series in |^| variables t\, . . . ,t^i , ... , . . . , i with coefficients in 

(6.4) %{tl,...,t^,-_\) = (tr«l^l®id)((L-(t}))(^'l^l+^^..(Lltf^-\))^'^l'l^l^^^ 

{a,i)<{b,j) 
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the same convention being as in (2.7). 

Remark. The series %^{tl, . . . , t^-_\) belongs to Uqi^^) [t\,..., t^-_\] [[{t\)~\ . . . , {t^^-_\) 
Set 

(6.5) B,(t) = B,(t) n n „ta!L,. n 1111^^^^. 

a=l l^i<j<$° ^ ^ « l^a<6<JV i=l j=l 3 » 

To indicate the dependence on N , \i necessary, we will write B^^^(t) . 

Example. Let N = 2 and ^ = (^^) . Then Mf{t) = Ll^{t\) . ..Ll^{t\^) . 
Example. Let iV = 3 and ^ = (1, 1) . Then 

Mf(t) = L-,{tl)L-,{tl) + (q-q-^)^-^L-,{t\)L-,{tl). 
Example. Let iV = 4 and ^ = (1, 1, 1) . Then 

Mf\t) = Li,{tl) L-,{tl) L-M) + 

+ (^-^~'^ \t2_t\)%-tl) (^14(^^) -^22(^1) ^33(^1) + ^13(^1)^24(^1)^32(^1)) + 

+ {<! Q )h {q~t\M^^t\M^) ^14(^1)^23(^1)^32(^1) • 

Recall that the direct product of the symmetric groups S^i x . . . x S^n-i acts on expres- 
sions in 1^1 variables, permuting the variables with the same superscript, cf. (2.10). 

Lemma 6.1. [TVl, Theorem 3.3.4] The expression M^{t) is invariant under the action of 
the group S^i x . . . x S^n-i . 

If V is a weight singular vector with respect to the action of U'lglj^^) , we call the 
expression M^{t)v a {trigonometric) vector-valued weight function of weight (C"^, C^— C^, 
. . . , e^-i - -^^-1) associated with v . 

Weight functions associated with C/g(gljv) weight singular vectors in evaluation U~{qIj^) 
modules (in particular, highest weight vectors of highest weight t/g(0[^) -modules) can be 
calculated explicitly by means of the following Theorems 6.2 and 6.4, which are analogues of 
Theorems 3.1 and 3.3, respectively. Corollaries 6.3 and 6.5 are the respective counterparts 
of Corollaries 3.2 and 3.4. 

Theorem 6.6 and Corollary 6.7 are analogous to Theorem 3.5 and Corollary 3.6 in the 
Yangian case and yield combinatorial formulae for weight functions associated with tensor 
products of highest weight vectors of highest weight evaluation modules over the quantum 
loop algebra. 
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Remark. The expression for a vector -valued weight function used here may differ from 
the expressions for the corresponding objects used in other papers, see [KR] , [TVl] . The 
discrepancy can occur due to the choice of coproduct for the quantum foop algebra Uq{Qlj^f) 
as well as the choice of normalization. 

For a nonnegative integer k introduce a function Wk{ti, . . . ,tk) '■ 

q-Hi - qtj 



Wk{ti,...,tk) = n 



ti tj 



For an expression f{t\, . . . , t^jv-i) , set 

(6.6) S^lfit) =Symf(/(t) J] W^.{t1, . . . ,tl.)) 



N-l 



a=l 



where Sym^ is defined by (3.1). 

Let < . . . ^ ri^~^ be nonnegative integers. Define a function X^(t{, . . . 

N-l .N-l 



j.iV — i j.iV —IN 

''1 ) • • • ) ^j^N-l) ) 



(6.7) 



^rjit) = n n fa+l_.a H la+1 _ .a ' 
a=l L i=l S i=l S 



The function X^{t) does not actually depend on the variables t^jv-2^.i5 • • • , ^^iv-i • 
For nonnegative integers 77-^ ^ . . . ^ 77^"-*^ define a function l^(t];, . . . , t^i ; ... ; ti~^, 



(6.^ 



N-l r n 



p ^ i-1 j.a_ -lj^a-1 



a-1 



The function l^(t) does not actually depend on the variables tj^, . . . , t^i_^2 ■ 
For any ^,776 , define a function ^^,^(^1, . . . , ; ^i, • • • , «^~-i) , 



(6.9) 



a=l i=l j = l * j 



The function Z^^^{t; s) does not depend on the variables tj;, . . . , t^i and s]^ 



AT-l „N-1 

• • • ■) 



We are using the following g-numbers: [n]q = — , and g-factorials: 



q-q 



r=l 



Recall that for a collection t of |^| variables we introduced sub collections , t(,;,^] 
and t, t by (3.6) and (3.7), respectively. 

For any 1 ^ a < 6 ^ set Cba — ka^ab , cf. (6.2). 
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Theorem 6.2. Let V be a Uq{glpf) -module and v eV a singular vector of weight (A^, . . . , 
A'^) . Let . . ., be nonnegative integers and t = {t\, . . . ,t^i; ... ; t . . . , i ) . 

In the evaluation Uq{glj^) -module V{x) , one has 



N-2 



(6.10) M,it)v = ^ n 77^ 



X Sym^ 



N-2 T]"-! 



X 



X e 



^JV-l_^JV-2 „N-2 ,„N-3 



N,N-1 



the sum being taken over all rj = {rj^, . . . , rj^ ^) G Z^q ^ such that r]^ ^ . . . ^ rj^ ^ = ^ 



and Tj"" ^ for aii a = 1, . . . , — 2 . Other notation is as follows: Sym^ is dehned by 
(6.6), the functions and Z^-r^^ri are respectively given by formulae (6.7) and (6.9), 
is tie first of embeddings (6.3), and 



^^(s) coming from (6.5) . 

Remark. For N = 2, the sum in the right side of formula (6.10) contains only one term: 
rj = ^ . Moreover, X^j = Z^^^],?] = 1 , and B|^|_^y = 1 by convention. 

Corollary 6.3. Let V be a Uq{glj^) -module and v eV a singular vector of weight (A^, 
. . . , A^) . Let . . . , be nonnegative integers and t — (t }, . . . , t^i ; ... ; ti~^, . . . , 

t^N~-i) ■ In the evaluation Uq{Qij^) -module V{x) , one has 



(6.11) M^{t)v = (q-q-^) 



m 



n 



l<b<a<N 



■u X 



X Sym^ 



r N a-2 m"'' / qA'' + \b 



\b + l 



i-\-Tn° 



nn n, 

a=3 6=1 i=l ^ ''i+m'»''' + i ''i+m°->' l^j<i+m<i.''+i i 



n 



qt^'^^-q~^t^^~a. 



i+m'^ 



Here the sum is taken over all collections of nonnegative integers m,"'^ , 1 ^ b < a ^ N , 
such that m"^ ^ . • . ^ ^a.a-i + . . . + m^" for aJJ a = 1, . . . , A^ - 1 ; by 

conventioii, m"*^ = for any a = 2, . . . , N . Other notation is as follows: in the ordered 
product the factor e®^ is to the left of the factor ef^ if a > c , or a = c and b > d , Sym\ 
is dehned by (6.6), and rh 



ab _ _)- uio. i,b f^j. ^j^j^ l^b<a^N,in particular, 
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Theorem 6.4. Let V be a Uq{glpf) -module and v eV a singular vector of weight (A^, . . . , 
A'^) . Let . . ., be nonnegative integers and t = {t\, . . . ,t^i; ... ; t . . . , i ) . 

In the evaluation Uq{glj^) -module V{x) , one has 



(6.12) M^{t)v = 



N-l 

n 



X 



X Sym^ 



N-l r?" 
a=2 i=l 



X 



,1 „2 2 „3 



N-l 



the sum being taken over all r} = (77^, . . . , r}^~^) G Z^j^^ such that = rj^ ^ . . . ^ rj 

and !]"■ ^ for aii o = 2, . . . , A?" — 1 . Other notation is as follows: Sym^ is dehned by 
(6.6), the functions Yjj and Zr^^^-n are respectively given by formulae (6.8) and (6.9), 
the second of embeddings (6.3), and 



^H-s) coming from (6.5) . 

Remark. For N = 2, the sum in the right side of formula (6.12) contains only one term: 
rj = ^ . Moreover, = Z^^^_^ = 1 , and B^^^^y. = 1 by convention. 

Corollary 6.5. Let V be a Uq{Qlj^) -module and v eV a singular vector of weight (A^, 
. . . , A-^) . Let . . . , be nonnegative integers and t = (t\, . . . ,t^i; ... ; t . . . , 

t^N~-\) ■ In the evaluation Uq{Qij^) -module V{x) , one has 



(6.13) 



k{t)v = {q-q-y^\Y: n 7 



:^ab _ ^a+l,b-\J ah 



X Sym^ 



N-l a-1 Trf+'^'^-l / ^A%o 



nn n 

a=2 h=l i=Q 



^ III" 



qV- 

1 r 



V X 



—1 , a— 1 



+0. _ fO-—^ 



n +0, _ fo—i 



Here the sum is taken over all collections of nonnegative integers m,"-^ , 1 ^ h < a ^ N , 
such that m"+^'" ^ . . . ^ m^" and m"+^'^ + . . . + m"+^'" = for aii a = 1, . . . , A^ - 1 ; 
by convention, 772^+1 = for any a = 1, ...,A^. Other notation is as follows: in the 
ordered product the factor e®^ is to the left of the factor ef^ if b < d , or b = d and a < c , 

Symf is defined by (6.6) , and rh°'^ — m"^ + . . . + m"^ for all l^b<a^N,in particular, 
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Theorem 6.6. [TVl] Let Vi,V2 be Uq{Qlj^) -modules and vieVi, V2 & V2 weight singu- 
lar vectors with respect to the action of U~{qIj^^) . Let . . ., be nonnegative integers 
and t={t\,...,tl,; ... ; t^-\ t^-_\) . Then 

(6.14) M^{t){vi®V2) = 



N-l 



E n \^a_J^Jlr,a^J Sy^t n n n 

a=l 1=1 j=?7"+l 



V ail [^"-^"]«'[^"]^' 
N-l , rf r 



Ar_2 ,,'^+1 C „.a+l -Ua 



-r-^ X 



a=l ^i=l ^=,70+1 ^ 

the sum being taken over all rj = (r]^, . . . , r]^~^) G Z^^"*^ suci that ^ — 77 e Z^^"*^ . In the 
ieft side we assume that B^(t) acts in the U~{glj>^) -module Vi (8) V2 . 

Corollary 6.7. Let Vi,...,Vn be U^{qIj:^) -modules and Vr E Vr , r = 1, ...,n, weight 
singular vectors with respect to the action of [/^{qIj:^) . Let . . . , be nonnegative 

integers and t — {t\, . . . ,t^i; ... ; ti~^, . . ., t^~\ ) . Then 

(6.15) M^{t){vi^ ...^Vn) = 



N-l n 



N — 2 n-l Vr s, ^a-|-i_ -i/c 

E n n ^^3^ n n n n ■ ' ' >< 



r7i,...,77„_i a=l r=l 



j-o+l _ j.a 
a=l r=l i=^a+i^j J=»7J?+1 » 



N-l n .Vr-i C 



1\ —± -ft / 'li 1 q X 

X n n ( n (^aa(*f)^r> n {L~a+l,a+lit>r)) X 
a=l r=l ^ i=l j=r]^+l ^ 

X B^^(t[^^])^;i ® B^,_^^(t(^^,^^])'i;2 O • • . B^_^_^ (t(^„_^,^])^;^ 

ffere the sum is taJcec over all rji, . . . , rjn-i G Z^q"^ , 77^ = (^r 5 • • • 5 > such that 

r/r+i — rjr & '^^0^ for any r = 1, . . . ,n — 1 , and 7/0 = 0, r]n = ^ , by convention. The sets 
Hvi] ' defined by (3.6). In the left side we assume that B^(t) acts in the 

U~(qIn) -module (g) . . . (g) . 

Remark. Denominators in the right sides of formulae (6.10) - (6.15) contain qf-factorials, 
which can vanish when is a root of unity. Nevertheless, the right sides remain well 
defined at roots of unity. This happens due to the fact that the symmetrized expressions in 
square brackets have nontrivial stationary subgroups, cf. Remark at the end of Section 2, 

so the result of the symmetrization Sym^ divided by the product of g-factorials can be 
replaced by the sum over the cosets. 

Proofs of Theorems 6.4, 6.2 and 6.6 are similar to those of Theorems 3.3, 3.1 and 3.5, 
respectively. Here we mention only the required modifications of technical facts: identity 
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(4.1) and Lemmas 4.5, 4.6. The analogue of the identity (4.1) is 



(6.16) 



E n 



q s^^-qs. 



and Lemmas 4.5 and 4.6 are to be generahzed as follows. 
Lemma 6.8. Let p, r be positive integers such that p ^ r . Then 



(6.17) Sym 



Zl,...,Zr 



n 



n 



qVi-q 'Zj+r-p 



n 



q ^Zi - qzj 



n 



qvi -q ^, 



n 



q ^Vi-qvj 



(6.18) Sym 



Zl,...,Zr 



i=l 



mi- n 



p—r 



q Vi-qz^ 



Vi - Zi 



Vi - Zj 



n 



q 'z, - qz. 



Zi Zj 



= [r-pW-J2Sjmy^_^y^ J] -— — H 



q y^-qzj 



n 



q ^Vi-qyj 



the sums being taken over all p-tuples d= (di, . . . , dp) such that 1 ^ di < . . . < dp ^ r . 

Formulae (6.17) and (6.18) transform to each other by the change of variables yi — > yp- 
Zj — > Zr-j , q — > q~^ , and a suitable change of summation indices. 

7. Proofs of Lemmas 6.8 and 4.5 



Proof of Lemma 6.8. It suffices to prove formula (6.17). Consider the left side of the formula 
as a function of 2:1, . . . , 2;^. and denote it /(2;i, . . . , Zr) ■ It has the following properties. 

i) f{zi, . . . , Zr) is symmetric in zi, . . . ,Zr ■ 

ii) f{zi, . . . , Zr) is a rational function of zi with only simple poles located at zi = yi , 
i = 1, . . . , p , and regular as — > 00 . 

iii) Res f{zi,q'^yi,Z3,...,Zr) = for any i = l,...,p. 

zi=yi 

iv) /(m^i, . . . , MZr) = it^~^(l + 0(1)) as w — >■ 00 . 

Denote by Cr-p{yi, . . . , y^; ^i, . . . , -z^) the collection of properties i) - iv) , the subscript r—p 
referring to the exponent of u in property iv) . 

Consider a partial fractions expansion of f{zi,...,Zr) as a function of zi : 



(7.1) 



f/ \ J! / \ I fi{z2, ■ • • , Zr) 
J[Zi,...,Zr) = Jo[Z2, . . . , Zr) + — • 



1=1 



Vi - Zi 
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Then the function fo{z2, ■ ■ ■ , z^) has the properties Cr-p-i{yi, . . . ,yp; Z2, ■ ■ ■ , Zr) , while 
the function fi{z2j ■ ■ ■ , Zr) , z > , has the properties Cr-p{yi, . . . , y^; ^2, • • • , Zr) and 
fi{q^yi, 2:3, ... , Zr) = , cf . iii) . The last claim is equivalent to the fact that the function 



yi- Zj 



(7.2) fi{z2, ...,Zr) = fi{z2, ...,Zr) TT -^T ^ 

f=2 ^ ~ ^^:> 

has the properties Cr-p{yi, . . . ,yi, . . . ,yp; Z2, ■ ■ ■ , Zr) . 

We expand the functions /o, • • • , /p similarly to (7.1) , (7.2) : 

P f { \ -1 

f ( \ f ( \ I JijK^Si ■ ■ ■ 1 Zr) YJ Q Hi — 

Ji{Z2, .. .,Zr) = Ji0(.Z3, . ..,Zr) + > I , 

^i-L y^-Z, 

and observe that the function /oo has the properties Cr-p-2iyi, ■ ■ ■ ,yp', z^, . . . , Zr) , the 
functions foi , fio, i > have the properties Cr-p-i{yi, . . . , y^, . . . , y^; 2:3, . . . , Zr) , and the 
function f,j , ij>0 has the properties Cr-p{yi, . . . , y„ . . . , . . . , 2:3, . . . , 2;,.) . Even- 
tually, we obtain the following partial fractions expansion of the function /(21, . . . , 2,.) : 

(7.3) f{zi,...,Zr)=J2ufl(<PaAzi) n ^-y^^^f^), 

ai>0 

where the sum is taken over all surjective maps cx : {1, . . . , r} — > {0, . . . ,p} such that the 
preimage of has r—p elements, (foiu) = 1 and <^s(tt) = (ys — u)~^ for i = l,...,p. 
The coeflBcients do not depend on 2:1 , . . . , 2;,- and can be found from the equality 

(7.4) Vala^,r . . . Vala^i f{zu ...,zr) = {-If q-'=- U n " ^ 



where Vaio i = lim , Vai^ j = Res for s>0, and Cq. = #{(z,j) I i<j, ctj > , 

aj — 0} . Since the operations Vals,i in the left side of (7.4) can be applied to the function 
f{zi, . . . , Zr) in any order without changing the answer, it equals 

(7.5) Vaio,ri • • • Valo^rpVali^rp+i ■ ■ ■ Valp^rr- /(^i, ■ ■ ■ , Zr) 

for a suitable permutation r. Since f{zi,...,Zr) is symmetric in 2:1, . . . , 2;,. , expression 

(7.5) does not depend on r and equals 

(7.6) lim ... lim Res ... Res f{zi,...,Zr). 

Due to the explicit formula for f{zi,...,Zr), the terms in Sym^^^ which contribute 
nontrivially to expression (7.6) correspond to permutations that do not move the numbers 
r — p + 1, . . . ,r . Using identity (6.16) , we obtain that expression (7.6) equals 
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Hence, equality (7.4) yields 



(7.7) 



fo 



p] 



I 



, n 



Vc 



Vc 



There exists a bijection between pairs (<i,a) , where d is a p-tuple from Lemma 6.8 
and cr is a permutation of {!,...,]?}, and the maps a. . It is given by the rule q;^. = ai , 
i = 1, . . . ,p , and a-,- = , otherwise. Under this bijection, the right side of formula (7.3) 
with the coefficients fa given by formula (7.7) turns into the right side of formula (6.17). 

□ 

Proof of Lemma 4-5. Make the change of variables yi ^ 1 + 2hyi , Zi 1 + 2hzi , q — > 
1 + h in formula (6.17) and take the limit h . This yields the claim. □ 
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